ABSTRACT Considering the velocity of the missile cannot remain constant in most applications due to the effect of aerodynamic drag and thrust, a feasible adaptive impact angle control guidance law under varying velocity is proposed. The design of the guidance command is transformed into the design of the flight path angle, which is proposed as a general polynomial function of time-to-go with unknown coefficient. In addition, the unknown coefficient can be acquired from the boundary condition of the position. To cope with unpredictable disturbances, the adaptive scheme to initialize and recalculate the control parameter at each time step is also adopted. First, the guidance law is proposed with constant velocity. Then the law is extended to a more practical situation by considering varying velocity, and the estimation of time-to-go under varying velocity is proposed. Different simulations are carried out to verify the performance of the proposed guidance law.
I. INTRODUCTION
Reducing relative distance between missile and target is the primary objective for a guidance law. However, the task for the missile becomes more diverse over the past several decades. To improve the performance of the missile, there arise additional constraints for the guidance law, such as energy consumption, the impact time [1] , [2] , and the impact angle. Among the additional constraints [3] , impact angle control is of great importance and has been considered in many guidance laws. With a proper impact angle, the missile can maximize warhead effectiveness and improve kill probability. Furthermore, the directional defense mechanisms can be avoided.
One early example for impact angle control was proposed by Kim and Grider [4] on a reentry vehicle, the optimal control theory was first applied in this direction. Since then, considerable guidance laws with impact angle constraint have utilized this optimal control theory. Ryoo et al. [5] proposed the general form of the energy minimization optimal guidance law. The work in [5] was further enhanced in [6] , which included the time-varying weighting function in the cost of The associate editor coordinating the review of this manuscript and approving it for publication was Chuxiong Hu. the control energy. Another optimal guidance law was presented in [7] , it was linearized around a nominal circular trajectory in contrast to the usual guidance law, which allowed the linearization to be valid far from the initial line of sight angle.
Other studies adopted the classical proportional navigation to enforce a desired impact angle. By adding a supplementary time-varying bias to the controller, Kim et al. [8] proposed biased proportional navigation guidance (PNG) law for impact time control. Lu [9] found an adaptive proportionalnavigation guidance law, which can be applied in three degrees-of-freedom situations. The on-line selection of the guidance parameters for achieving the desired impact angle was provided. Another variant of PNG was presented in [10] by Ratnoo and Ghose. In their law, all possible impact angles against stationary targets can be achieved by a two-stage law. The initial stage led the missile to proper switching states with the navigation constant being N < 2, and the later stage hit the target in specific direction with the navigation constant being N ≥ 2. As an extension of [10] , another two-stage law against moving targets was presented in [11] . Recently, another composite guidance scheme was proposed in [12] . The first phase was to maintain the constant look angle, and the second phase was to lead the missile to the target with the navigation constant being N > 3. The switching states can be determined off-line by engagement conditions. Nonlinear control approaches were also used in this direction. Kumar et al. [13] , [14] used the sliding mode control theory to design the impact angle control law, which was also convergent in time. In [15] , a new guidance law for impact angle control was based on the variable structure system theory. The generalized variable structure was used and an additional surface was introduced to reach a wider range of the final impact angle. He et al. [16] proposed a nonsingular terminal sliding mode(NTSM) guidance law, which was constructed through a combination of traditional NTSM and second-order sliding mode. In a very recent work, another nonlinear approach was employed in impact angle control. Based on Lyapunov stability control theory, Cheng et al. [17] proposed a composite impact angle control guidance law. Frist, a guidance law was proposed under the famous nonlinear theory, but the achievable impact angle was limited. Then an additional phase was added to reach wider range of angles without changing the initial conditions.
Apart from the aforementioned methods, time-to-go polynomial guidance was also used in impact angle control. The time-to-go polynomial guidance (TPG) law was first shown in [18] , Lee et al. [19] assumed the guidance command as a function of time-to-go with two unknown coefficients, which were determined to satisfy the specified terminal impact angle and acceleration constraints. The work in [19] was augmented in [20] , which could control both impact angle and impact time.
All of the aforementioned studies on impact angle control guidance have assumed that the velocity of the missile was constant. However, the velocity of the missile cannot remain constant in most applications due to the effect of aerodynamic drag and thrust. In contrast to previous work, this note proposes an impact angle control guidance law without assuming a constant velocity. The problem of guidance command design is transformed into the design of the flight path angle, which is proposed as a polynomial function of timeto-go with one unknown coefficient. And the coefficient can be determined from the boundary condition. The proposed function also satisfies the initial and terminal conditions on flight path angle. In addition, the resulting guidance law can satisfy the zero acceleration constraint. The calculation of the guidance command is connected with time-to-go, the estimation of which under varying velocity is also presented in this note.
The rest of this note is organized as follows. Problem formulation is introduced in Section II. The design of the guidance law is offered in Section III. And different simulations are carried out in Section IV to verify the effectiveness of the proposed guidance law. Finally, the conclusion of the note is drawn in Section V.
II. PROBLEM FORMULATION
Two-dimensional homing engagement of a missile M against a stationary target T in the vertical plane is demonstrated in Fig. 1 . The inertial reference frame is denoted by (X I , Y I ). The flight path angle and line of sight angle with respect to the inertial frame are denoted by γ and λ, respectively. R denotes the relative range between the missile and the target, and V denotes the velocity of the missile. The impact angle frame denoted by (X f , Y f ) is proposed for the convenience of deriving guidance law.
As shown in Fig. 1 , the impact angle frame is defined by a rotation of the desired impact angle γ f from the inertial reference frame. And the flight path angle and LOS angle with respect to the impact angle frame can be expressed as
All the defined angles in each frame are measured in the counterclockwise direction. It should be noticed that the problem formulation and the derivation of the guidance law are expressed in the impact angle frame. Before deriving the guidance law, two assumptions are claimed. First, the homing engagement follows a proper guided mid-course phase so that the initial flight path angle can be restricted to small value. Second, the slowly moving target can be considered stationary.
The engagement kinematics in the impact angle frame can be acquired from Fig. 1 aṡ
where y and v represents the position and velocity measured in the impact angle frame, respectively. And both of them are perpendicular to the impact course (x f − axis ). The lateral acceleration denoted by a is normal to the velocity direction.
With the first assumption, the initial flight path angle should be close enough to γ f , which indicates the value of γ should be quite small. Hence, (2) can be approximated aṡ
On one hand, the basic requirement for the missile is to hit the target with zero miss distance, which means y should goes to zero as the homing process proceeds. On the VOLUME 7, 2019 other hand,γ should also go to zero at the end of the engagement to satisfy the desired impact angle constraint. Hence, the requirements for the guidance law design can be expressed mathematically as
The impact angle control problem is to design the proper guidance command so that (5) and (6) can be satisfied. From (3) we know the guidance command a is connected withγ . Hence, the problem of guidance command design can be transformed into the design of flight path angle.
III. GUIDANCE LAW DESIGN
In the problem formulation section, we have transformed the problem into the design of flight path angle. Besides, (3) implies thatγ is very likely to have the same form as a. And most of the guidance commands in the existing literature are expressed as the function of time-to-go. Hence, we initially assumeγ as a general function of time-to-go, which is expressed as
In which c is the control parameter to be determined. On one hand, the proposed function ofγ should be equal toγ 0 at the beginning. On the other hand, it should go to zero at the end of the engagement. The requirement can be concluded as
It is obvious that (8) can be satisfied under the proposed candidate function. If the design of the guidance law is to be directly based on the shape ofγ , we could make use of various candidate functions that meet the requirement of Eq. (8) . But this note will be restricted to (7).
A. GUIDANCE LAW UNDER CONSTANT VELOCITY
In this subsection, velocity is assumed constant, which can be expressed as
Substitute (7) and (9) into (4), we havė
In which subscript con represents constant velocity. Integrating both sides of (10) yields
(5) indicates that the value of y(t f ) should go to zero at the end. Then the unknown coefficient can be determined by combining (5) and (11) c con = n(n + 1)y 0
The time derivative of (7) with respect to time iṡ
Substituting (12) and (13) into (3), the initial guidance command can be acquired as
The control parameter is solved in the linear domain without considering any disturbance. To tackle with unpredictable disturbing factors, an adaptive scheme to initialize and recalculate the control parameter at each time step is adopted. The time-to-go t go is defined as the difference between the terminal impact time t f and current time t. Therefore, t go can be expressed as
If the control parameter is updated at each time step, the final time should be updated accordingly (i.e., t f → t f −t). Specifically, (13) and (14) can respectively be rewritten in the adaptive form as
In order to implement the guidance command, (17) needs to be rewritten. Considering the linearized engagement kinematic, the LOS angle measured in the impact angle frame can be determined asλ
Combining (1) and (18), we have
Substituting (19) into (17) yields Fig. 2 illustrates the adaptive guidance loop. If n = 2, (20) generates similar guidance command as the optimal law [5] , [19] , providing zero miss distance with desired impact angle, but the final acceleration will not go to zero under this circumstance. When n ≥ 3, the guidance command for the proposed law can converge to zero at the end of the engagement, and final zero acceleration can avoid undesirable situation caused by disturbance.
The final acceleration for different laws is summarized in Table 1 . 
B. EXTENSION TO GUIDANCE LAW UNDER VARYING VELOCITY
In practical applications, the velocity of the missile usually changes under the action of drag, thrust, and the trajectory being followed. Taking all these into consideration, the velocity of the missile is not assumed constant in this subsection. In contrast, it is decelerated proportionally to the current velocity. Hence, the derivative of the velocity with respect to time can be written asV
where k is the control parameter of deceleration. The value of k typically ranges from 0.001 to 0.125 [21] . Integrating both sides of (21) yields
where V 0 and V f represent the initial velocity and terminal velocity, respectively. Substituting (15) into (22) yields
The general analytical solution for n th order polynomial can be very complicated to write here, and it can be concluded from previous discussion that second order polynomial law is similar to the optimal guidance law. Hence, the guidance law design for varying velocity will be demonstrated with n = 2, instead of general solution for all the polynomials. In this case, substituting (7) into (4) goes tȯ
Integrating both sides of (24) yields
After some mathematical calculation, y(t f ) can be expressed in a function of t f as
where
The control parameter can be determined by substituting (26) into (5) .
Substituting (13) and (28) into (3), the initial guidance command can be acquired as
To cope with unpredictable disturbances, the adaptive scheme to initialize and recalculate the control parameter at each time step is also adopted. And the control parameters should be updated accordingly. go (30) The adaptive form of the guidance command can be expressed in the form of
The LOS angle with respect to the impact angle frame can be determined as
Substituting (32) into (31) yields
C. TIME-TO-GO ESTIMATION UNDER VARYING VELOCITY
To calculate the guidance command in (20) and (33), we should acquire the information of time-to-go, which cannot be directly measured from any device. A retrospect of previous work reveals that existing methods for time-to-go estimation are under constant velocity. Hence, the estimation of time-to-go under varying velocity is discussed in this subsection.
In the inertial reference frame, the differential equation governing the relative range can be acquired from Fig. 1 aṡ
According to the first assumption, the homing engagement follows a proper guided mid-course phase so that the initial flight path angle should be quite small. Then (34) can be approximated asṘ
Integrating (35) from current time t to final time t f , we can get the length of trajectory L estimated at the current time. However, as we discuss in the previous section, the final time is updated at each time step. Hence, the scope for the integration of (35) should also be altered. t and t f can be replaced with 0 and t go , respectively. Then L can be acquired as
In the previous discussion, we know the proposed guidance law with n = 2 is similar to the optimal method. We can get another approximated value of L from [19] , which is denoted as
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It should be noted that m = 1, n = 0 in (38). Combining (37) and (38), we can get the approximated time-to-go value as
The time-to-go estimation in (39) is used for the calculation of guidance command in the following simulations.
IV. SIMULATIONS
In this section, numerical simulations are carried out to show the effectiveness of the proposed strategies. The simulation step is 0.01 s in each case. All the simulations are terminated when the sign of the relative velocity becomes positive or the relative range is less than 0.01 m. The initial position for the missile is (0, 0) m and the target is fixed at (8000, 0) m. The detail simulation parameters are tabulated in Table 2 .
A. COMPARISON SIMULATION
Guidance command for the proposed law will be generated with n = 3. The performance of the proposed guidance law is compared with the trajectory shaping guidance law (TSGL) [22] . Guidance command for the comparison guidance law is
Two major assessment indexes are considered: final impact angle error, and final acceleration. Simulation results are presented in Fig. 2 .
Results for the proposed guidance law and the comparison law are shown in solid lines and dashed lines, respectively. It can be seen from Fig. 2 that missiles intercept the targets with the desired impact angle under each guidance law. But the acceleration profile is quite different from each other. The guidance command for the proposed law converges to zero at the end of the engagement, which is in line with the VOLUME 7, 2019 summary in Table 1 . However, the guidance command for TSGL remains a non-zero value, which may lead to undesirable situations like large miss distance if any disturbance exists. Furthermore, the proposed law has higher precision in miss distance and impact angle error. The comparison results are detailed in Table 3 . This simulation proves that the proposed guidance law has better performance than the comparison law.
B. CONSTANT VELOCITY
In this case, we consider the velocity for the missile is constant. The desired impact angles range from −90 degree to 90 degree. Seven typical desired impact angles are chosen. Guidance command for the proposed law will be generated from (20) with n = 3. And the other parameters are the same as the first simulation case. Simulation results are demonstrated in Fig. 4 .
The missile trajectories in Fig. 4a demonstrate that all the missiles with different impact angle constraint can impact the target successfully. Fig. 4b demonstrates the missile lateral accelerations, all of which converge to zero at the end of the engagement. As shown in Fig. 4c , the heading error decreases to zero at the terminal time, and this ensures the successful impact of the target. Fig. 4d dictates that all the impact angles can be achieved through the proposed method. This simulation proves the proposed guidance law can be applied in an impact angle control situation.
C. VARYING VELOCITY
In this case, due to the effect of aerodynamic drag and thrust error, we consider the velocity for the missile is constant. Guidance command for the proposed law will be generated from (33). We consider four different initial fight path angles, which are 0, 30, 60, and 90 degrees. And the other parameters are the same as the first simulation case Simulation results are depicted in Fig. 5 .
Trajectories are shown in Fig. 5a , and time histories of lateral accelerations are shown in Fig. 5b , all of which converge to zero at the end of the engagement. All the heading angle errors decrease to zero as shown in Fig. 5c . Fig. 5d shows that missile can achieve all the desired angles. Compared to the constant velocity case, missiles needs longer time to achieve the same impact angle due to the loss of velocity. This simulation proves the proposed guidance law can be applied in an impact angle control situation under the effect of aerodynamic drag and thrust error.
V. CONCLUSION
This note investigates an adaptive impact angle control guidance law under varying velocity. We treat the design of guidance command as the design of the flight path angle, which is proposed as a polynomial function of time-to-go. First, the guidance law is designed with constant velocity. Then the law is extended to a more practical situation by considering a varying velocity. Three different simulations are carried out to verify the performance of the proposed guidance law. Although the loss the velocity is considered in the guidance law design, the target is assumed stationary in this paper. We will design guidance law without assuming the target is stationary in our future work. Besides, we will find way to apply our work to three dimensional cases.
